Abstract. For the noncommutative 2-torus, we define and study Fourier transforms arising from representations of states with central supports in the bidual, exhibiting a possibly nontrivial modular structure (i.e. type III representations).
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introduction
The present paper is devoted to extend the Fourier analysis to nontype II 1 representations of the noncommutative 2-torus, that is when the underlying "measure" on the noncommutative manifold under consideration is not the canonical trace. This would include also the type II 1 case when the underlying measure relative to the trace is deformed by an inner, possibly unbounded, density.
The argument of the present paper falls into the standard lines of investigation of operator algebras and noncommutative harmonic analysis, perhaps having many potential interactions with other branches of Key words and phrases. Noncommutative Harmonic Analysis, Noncommutative Torus, Type III Representations, Noncommutative Measure Theory, Noncommutative Geometry, Modular Spectral Triples. mathematics, and quantum physics. Due to the crucial role played by the necessarily nontrivial modular data, such a topic can be viewed as a generalisation of the analysis developed in [6] for the representation of the noncommutative torus associated to the tracial state.
For the noncommutative 2-torus A α , we have recently shown in [10] that it is possible to construct explicitly type III representations, at least when α is Liouville number. In addition, if α is one such number with a faster approximation property by rationals, it is also possible to construct modular spectral triples that, following [8] , are obtained by deforming the untwisted Dirac operator and the associated commutator by using the Tomita modular operator which is neither bounded nor inner.
As a quick introduction, we recall that the study of Connes' noncommutative geometry grew impetuously in the last decades in view of several potential applications to mathematics and physics. The main ingredient is the so-called spectral triple, which is the candidate to encode the most important properties of the underlying "noncommutative manifold". For an exhaustive explanation of the fundamental role played by the spectral triples in noncommutative geometry, the reader is referred to the seminal monograph [7] , the expository paper [5] , and the literature cited therein.
Having in mind such possible applications, the seminal paper [8] also pursued the plane to exhibit twisted spectral triples for which the Dirac operator and the associated derivation are deformed by directly using the Tomita modular operator, provided the last is nontrivial. In that definition of twisted spectral triple, also the Tomita conjugation plays a role, which can be identified as a kind of "charge conjugation" well known in quantum physics. The twisted spectral triples considered in the above mentioned paper were then called modular. It is also clear that such modular spectral triples can play a role in constructing new noncommutative geometries in a type III setting, by emphasising the need to take the modular data into account.
One of the most studied examples in noncommutative geometry is indeed the noncommutative 2-torus A α (see e.g. [3] ), since it is a quite simple model, though highly nontrivial. It is related to the discrete Canonical Commutation Relations, and can be considered as a quantum deformation of the classical 2-torus T 2 , according to the angle 2πα entering in the definition of the symplectic form involved in the construction. When α is irrational, the C˚-algebra A α is simple and admits a unique, necessarily faithful, trace τ . Such a trace represents the natural noncommutative generalisation of the Lebesgue measure on the undeformed 2-torus T 2 . Therefore, the associated GNS representation π τ gives rise to a von Neumann factor π τ pA α q 2 , isomorphic to the Murray-von Neumann hyperfinite type II 1 factor, which can be viewed as the noncommutative counterpart of the von Neumann group algebra L 8 pT 2 , mˆmq, m being the Haar measure (i.e. the normalised Lebesgue measure) on the unit circle. Hence, A α is not a type I C˚-algebra for irrational α, and therefore it must exhibit also type II 8 and III representations. The preliminary step to construct explicit non type II 1 representations of the noncommutative torus, and consequently examples of modular spectral triples, was carried out in [10] .
In order to develop the Fourier analysis for these new models (i.e. when the underlying "measure" is not the canonical trace) associated to the noncommutative torus, we introduce and investigate two essentially different Fourier transforms naturally associated to the left and right embeddings, which are particular cases of the ones
iven in (3.1), due to the non-triviality of the modular structure. Here, θ " 0, 1 correspond indeed to the left and right embeddings, respectively. Notice that our investigation appears new also for any representation of type II 1 (including all examples treated in [8] ) and II 8 , when the modular group is non trivial, even if "inner".
Our construction can also be generalised to the noncommutative deformation A α of the d-dimensional torus T d , α being a real skewsymmetric dˆd-matrix (e.g. [6] , Section 2.2), after constructing non type II 1 representations for such models, following the method developed in [10] .
For such noncommutative examples of Fourier transforms, we prove the analogous of Riemann-Lebesgue Lemma and Hausdorff-Young Theorem. In addition, for p P r1, 2s we establish an inversion formula arising from the Cesaro mean, that is a noncommutative version of the Fejer Theorem. Similar results can be obtained for the Abel average which is associated with the Poisson kernel, and also for the other cases mentioned in [6] .
The last part of the present paper is devoted to a useful application of the Fourier analysis developed here, to new modular spectral triples for the noncommutative 2-torus. Firstly, for non type II 1 cases, we extend the construction of deformed Dirac operators and corresponding modular spectral triples in [10] to a one-parameter family for η P r0, 1s, where the case η " 0 is nothing but the one studied in the previous mentioned paper. Secondly, in L 2 pMq we show how such Fourier transforms "diagonalise" appropriately the particular cases of modular Dirac operators, corresponding to η " 0, 1{2, 1, part of such a one-parameter family of modular spectral triples.
To conclude the introduction, we recall other interesting questions, such as those listed in [6] , which we leave open in the present analysis, postponing them for a future possible investigation. Among them, we mention the construction and the study of the noncommutative Hardy spaces relative to the situations emerging from the present paper. Other important problems are those connected to the spaces of the so-called Fourier multipliers. Concerning the latter problem, we note that the analysis developed in [6, 20] cannot be directly carried out in the present situation, since the underlying states ω are constructed only for very particular deformation angle α, deeply depending on that angle, see [16] and [10] , Section 3. Therefore, the deformation angle α cannot be merely considered as a parameter, and a more refined analysis should be used for the non type II 1 cases in the sequel.
2. preliminaries 2.1. Notations. Let E be a normed space. We simply denote by }¨} its norm whenever no confusion arises. In particular, }x} " }x} H will be the Hilbertian norm of x P H. For a continuous or measurable function f defined on the locally compact space X equipped with the Radon measure µ, }f } " }f } 8 will denote the "esssup" norm (or the "sup" norm for f continuous) of the function f .
In such a situation, C b pXq will denote the C˚-algebra consisting of all bounded continuous functions defined on X, equipped with the natural algebraic operations, and norm }f } " }f } 8 :" sup xPX |f pxq|. The situation of a point-set X, together with the C˚-algebra BpXq " C b pXq of all bounded functions defined on X, is reduced to a particular case of the previous one by considering X equipped with the discrete topology.
Let T :" tz P C | |z| " 1u be the abelian group consisting of the unit circle. The dual topological group p T is isomorphic to the discrete group Z. The corresponding Haar measures are the normalised Lebesgue measure dm " for z " e ıθ on the circle, and the counting measure on Z, respectively.
The Fourier transform and anti-transform of a bounded signed Radon measure µ P CpTq˚are respectively defined as
For f P L 1 pT, mq, its Fourier transform and anti-transform are usually defined as those of the measure f dm:
The symbol D denotes the derivative w.r.t. the natural argument z P T, i.e. D "
, and if z " e ıθ then
Let pX, Bq be a measurable space, together with two σ-additive positive measures µ and ν on the σ-algebra B. If µ dominates ν in the sense of measures (e.g. [22] , Section 6), we write ν ĺ µ. If ν ĺ µ and µ ĺ ν, then µ and ν are equivalent as measures, and we write µ " ν.
We also write X " Y whenever two sets X and Y , equipped with the same algebraic structure, are algebraically isomorphic. For example, if A and B are involutive algebras (and in particular, C˚-algebras or W˚-algebras), we write A " B if there exists a˚-isomorphism ρ :
For a function f , M f denotes the multiplication operator acting on functions g as M f g :" f g. For example, if f is a measurable function on the measure space pX, B, νq, bounded almost everywhere, the multiplication operator M f is the closed operator acting on L 2 pX, B, νq with domain
If f : X Ñ X is an invertible map on a point-set X:
-f 0 :" id X , and its inverse is denoted by f´1; -for the n-times composition, f n :" f˝¨¨¨˝f loooomoooon n´times ;
-for the n-times composition of the inverse, f´n :" f´1˝¨¨¨˝f´1 looooooomooooooon n´times .
Therefore, f n : X Ñ X is meaningful for any n P Z with the above convention, and provides an action of the group Z on the set X.
Modular spectral triples.
Concerning the usual terminology, the main concepts and results in operator algebras theory such as the Tomita modular theory and so forth, the reader is referred to [4, 24, 25] and the reference cited therein.
Let A be a unital C˚-algebra. Denote by SpAq Ă A˚the set of the states, that is the positive and normalised functionals on the C˚-algebra A.
Let ω P SpAq with spωq P ZpA˚˚q. For such states with central support in the bidual, it can be shown (e.g. [17] ) that the cyclic vector ξ ω P H ω is separating for π ω pAq 2 , pH ω , π ω , ξ ω q being the GNS representation of ω. Therefore,
is well defined on the dense subset π ω paqξ ω | a P A ( Ă H ω , and closable. The polar decomposition of its closure S ω , named the Tomita involution, is usually written as S ω " J ω ∆ 1{2 ω , where J ω and ∆ ω are the Tomita conjugation and modular operator, respectively. We also report the useful relation (cf. [24] , Section 2.12)
holding for each Borel function f on R`.
Here, we provide the definition of (even) modular spectral triple we will use in the sequel, which is slightly different from the analogous one in [8] and generalise Definition 2.4 in [10] . We refer the reader to [7] and the references cited therein, for general aspects and some natural applications of spectral triples. Definition 2.1. For each η P r0, 1s, a modular spectral triple associated to a unital C˚-algebra A is a triplet pω, A, Lq η , where ω P SpAq, A Ă A is a dense˚-algebra and L is a densely defined closed operator acting on H ω satisfying the following conditions:
The closure of the Dirac operator in (ii) will be also denoted as D pηq L with an abuse of notation. Notice that, similarly to the untwisted case in order to study the possibly associated Fredholm module (see e.g. [11] ), condition (iv) above is included only to make the commutators rL, π ω paqs, rL˚, π ω paqs appearing in (ii) directly meaningful.
2.3.
The noncommutative 2-torus. We fix the noncommutative 2-torus based on the deformation of the classical 2-torus T 2 , corresponding to the rotation of the angle 4πα. The multiplicative factor 2 is introduced only for a pure matter of convenience explained in [10] . Indeed, for a fixed α P R, the noncommutative torus A 2α associated with the rotation by the angle 4πα, is the universal C˚-algebra with identity I generated by the commutation relations involving two noncommutative unitary indeterminates U, V :
From now on, without loosing generality (cf. [3] ) we also assume that α P p0, 1{2q.
We express A 2α in the so-called Weyl form. Let a :" pm, nq P Z 2 be a double sequence of integers, and define
Obviously, W p0q " I " 1 I A 2α , and the commutation relations (2.2) become
where the symplectic form σ is defined as σpa, Aq :" pmN´Mnq, a " pm, nq, A " pM, Nq P Z 2 .
We now fix a function f P BpZ 2 q, which we may assume to have finite support. The element W pf q P A 2α is then defined as
f paqW paq.
The set tW pf q | f is a function on Z 2 with finite supportu provides a dense˚-algebra of A 2α . Indeed, the relations (2.4) are transferred on the generators W pf q as follows:
where
The deformed convolution above depends on the chosen number α.
Since such a number is fixed in the sequel, we simply denote that with the ‹ symbol.
For irrational numbers α, we also recall that A 2α is simple and has a necessarily unique and faithful trace τ pW pf:" f p0q, W pf q P A 2α .
In this situation, by [3] , Remark 1.7, any element A P A 2α is uniquely determined by its Fourier coefficients
We note that, for each fixed n P Z, f pnq pmq :" f pm, nq defines a sequence whose Fourier anti-transforms
provides a sequence of continuous functions ! } f pnq | n P Z ) Ă CpTq. In order to obtain explicit type III representations of the noncommutative 2-torus, we tacitly suppose that the deformation angle α is irrational, satisfying sufficiently fast approximation properties by rationals, see below.
2.4. Diffeomorphisms of the unit circle. The Liouville numbers, denoted here as L-numbers, are necessarily irrational, and satisfy by definition the fast approximation by rationals as follows.
(L) A Liouville number α P p0, 1q is a real number such that, for each N P N the inequalityˇˇˇα´p
has an infinite number of solutions for p, q P N with gcdpp," 1. We also consider numbers satisfying the following faster approximation by rationals, and denoted as UL-numbers. (UL) A Ultra-Liouville number α P p0, 1q is a real number such that, for each λ ą 1 and N P N, the inequalityˇˇˇα´p
again admits an infinite number of solutions for p, q P N with gcdpp," 1. We refer the reader to [14, 23] for properties and details on such Liouville numbers.
In order to construct states on A 2α with a nontrivial modular structure, and then type III representations with associated nontrivial modular spectral triples, we consider an orientation-preserving C 8 -diffeomorphism (called simply "a diffeomorphism") f P C 8 pTq with the rotation number (e.g. [13] ) ρpf q " 2α. By the theorem of Denjoy, f is conjugate to the rotation R 2α of the angle 4πα through an uniquely determined homeomorphism h f of the unit circle satisfying h f p1q " 1, and
In such a situation, T is defined as the "square root" of f :
We note that
is the unique invariant measure, which is also ergodic, for the natural action of f on T. For a Diophantine number α, it can be shown that h f is indeed smooth, and thus µ f " m, the last denoting the normalised Haar measure on the circle.
For a Liouville number α, things are quite different. In fact, there are diffeomorphisms as above for which the unique invariant measure ph f q˚m is singular w.r.t. the Haar measure m: ph f q˚m K m.
Summarising, if α is Diophantine the construction in [10] produces representations which are equivalent to the tracial one, leading to type II 1 von Neumann factors. Conversely, if α is a L-number, in [16] diffeomorphisms as above were constructed with the prescription that
is a type II 8 , or III λ von Neumann factor for each λ P r0, 1s. Here, β is the action induced on functions g on the unit circle by the corresponding action of f on points: βpgq " g˝f´1. If in addition α is a UL-number, then it is also possible to explicitly construct nontrivial modular spectral triples for A 2α , which fulfil the prescribed properties. The reader is referred to [7, 8] for the significance of the concept of spectral triples and the modular ones in noncommutative geometry, and ti [10] for the construction of nontrivial (i.e. non type II 1 ) modular spectral triples. Another natural object associated to C 1 -diffeomorphisms of the unit circle which plays a crucial role in constructing modular spectral triples, is the so-called growth sequence tΓ n pf q | n P Nu, defined as
For smooth diffeomorphisms f of the circle conjugate to an irrational rotation, it can be shown that Γ n pf q cannot have a too wild behaviour at infinity, see [29] . If α is Diophantine, then Γ n pf q is bounded because h f in (2.6) is smooth. For diffeomorphisms constructed in [16] for a L-number α, it is shown in [10] that Γ n pf q " opnq, and Γ n pf q " opln nq if in addition α is a UL-number.
Consider g P BpZ 2 q such that W pgq P A 2α . For k P N, l " 0, 1, define the following sequence of seminorms
which was shown in [10] , Section 11, to be a unital˚-subalgebra of A 2α , stable under the entire functional calculus.
2.5.
States on the noncommutative 2-torus. As explained before, for α P p0, 1{2q being an irrational number, fix a diffeomorphism f P C 8 pTq which we suppose to be always C 8 without any specific mention, satisfying (2.6). As previously pointed out, if α is a L-number or a UL-number, it will be possible to construct among others, type III representations and in addition nontrivial modular spectral triples, respectively.
The starting point is to consider the unique homeomorphism h f satisfying (2.6), together with the measure µ :" m˝h f . Since
, n P Z, it is shown in [10] that the state ω " ω µ on A 2α defined as
has central support in the bidual A˚2 α : spωq P ZpA˚2 α q. The GNS representation pH ω , π ω , ξ ω q associated to ω is given by
where T is a "square root" of f given in (2.7). By (2.8), we have m " m˝f n , n P Z (which of course holds true even for each C 1 -diffeomorphism), with Radon-Nikodym derivative
The modular structure is then expressed as follows. With a P R, on
we have for the modular operator:
Concerning the modular conjugation, we get pJ ω xq n pzq " δ n pzq 1{2 x´npf n pzqq, n P Z, z P T, which is meaningful for each x P H ω .
2.6. Operator spaces. We consider a normed space E equipped with a sequence of norms on M n pEq, the spaces of the nˆn matrices with entries in E, satisfying for x P M n pEq, y P M m pEq, a, b P M n , n, m " 1, 2, . . . , the following properties:
Such a normed space, together with these sequence of norms, is said to be an (abstract) operator space. Conversely, for a subspace E Ă A of a C˚-algebra A, the norms on M n pEq inherited by the inclusions M n pEq Ă M n pAq, automatically satisfy (i) and (ii) above, and therefore E is a (concrete) operator space in a natural way. It is proved in [21] that a normed space E, equipped with a sequence of norms on all M n pEq, can be faithfully represented as a subspace of a C˚-algebra if and only if these norms satisfy (i) and (ii) above. Let E be an operator space. The topological dual E˚can be viewed also as an operator space, when M n pE˚q are equipped with the norms given for f P M n pE˚q by
Here, with a P M m pEq, the matrix f paq is defined as f paq pi,jqpk,lq :" f ik pa jl q, i, k " 1, . . . , n, j, l " 1, . . . , m.
Such an operator space E˚is called in [2] the standard dual of E. Let E, F be operator spaces. A linear map T : E Ñ F is said to be completely bounded if for T b id Mn : M n pEq Ñ M n pF q we have
Examples of linear maps which are bounded but not completely bounded, can be easily exhibited, see e.g. Section 3.
on noncommutative L p -spaces
We fix a normal faithful state ω on the W˚-algebra M. The˚-algebra of analytic elements for the action of the modular group, that is that formed by all elements for which R Q t Þ Ñ σ ω t paq P M has a analytic continuation to an entire function C Q z Þ Ñ σ ω z paq P M (see e.g. [24] ) is denoted by M 8 .
For
pMq, as ω is kept fixed. These can be constructed by complex interpolation by considering various embeddings M ãÑ M˚, one for each θ, see [9, 15, 26] . Here, θ " 0, 1 correspond to the left and right embeddings
respectively. We also mention another equivalent way of approaching L p -spaces developed in [12] . The key-point for the construction of noncommutative L p -spaces is the modular theory (e.g. [24] ), and complex interpolation (e.g. [1] ). In fact, for x P M the map 
In such a way, for 1 ď p ď q ď`8 there are contractive embeddings
We also remark (cf. [9] ) that one can equip the L p -spaces with a natural operator space structure arising from the canonical embeddings
As stated in Proposition 3 in [9] , ι θ 8,1 is indeed completely bounded. For the convenience of the reader, we provide some details about the proof of such a result omitted in the original one.
Proposition 3.1. For each θ P r0, 1s, the embedding
Proof. By the Phragmén-Lindelöf Theorem (e.g. [22] , Theorem 12.8), complete boundedness for the left and right embeddings (i.e. for θ " 0, 1) implies complete boundedness for all θ P r0, 1s. Therefore, we reduce the matter to the left and right embeddings.
By considering the natural embedding M m pMq Q y Þ Ñ y'0 P M n pMq for n ě m, we can restrict to the cases where m " n. Thus, in order to check the complete boundedness, for each x, y P M n pMq and i, j, k, l " 1, . . . , n we should compute the operator norm of the numerical matrices L, R P M n 2 whose entries are given by L pijq,pklq :" ωpy jl x ik q, R pijq,pklq :" ωpx ik y jl q.
Concerning the second one, we easily get
For the first one, we can straightforwardly see that there exist a permutation (depending on n) σ n of the set p11q, . . . , p1nq, . . . , pn1q, . . . , pnnq " 1, . . . , n 2 ,
and therefore a selfadjoint unitary V n acting on C n 2 such that
For example, when n " 2, Consequently, again
It is possible to show that such an operator space structure coincides with the Pisier OH-structure (cf. [19] ) at level of Hilbert spaces, that is is completely isomorphic to L q 1´θ pMq in a canonical way, see [15, 9] . Such an operator space structure on the noncommutative L p -spaces obtained by interpolation arising by the various embeddings of M " L 8 pMq into M˚" L 1 pMq as before, is called canonical. To simplify the notations, we put for p, q P r1,`8s with q ě p,
For a P M, we denote with L a and R a its left and right embedding in M˚, that is
would not be completely bounded. To this aim, we prove the following, probably known to the experts, Proof. First we note that, in general, po t q´1pxq " x˝, provides the canonical identification between M and M˝. Let now τ be the normalised (i.e. taking value 1 on minimal projections) normal, semifinite, faithful trace on BpHq. It is easily seen that BpHq˝is˚-isomorphic to π τ pBpHqq 1 , where the isomorphism is given by
With j :" T˝po t q´1 : BpHq Ñ π τ pBpHqq 1 given by jpxq " J τ π τ pxq˚J τ , po t q´1 would be completely bounded if and only if j were so. Consider now the transpose map (cf. [27, 28] ) θ : BpHq Ñ BpHq on numerical matrices. On H τ " L 2 pHq corresponding to all Hilbert-Schmidt class operators acting on H " ℓ 2 pNq, we define the unitary selfadjoint operator V x :" θpxq, x P H τ . With I n the identity operator on C n , it is then straightforward to check that`j b id Mn˘p xq " pV b I n q`π τ˝θ b id Mn˘p xq`V b I n q, and therefore by [27] 
Hence, j cannot be completely bounded.
the fourier transform for the noncommutative torus
For each fixed ω P SpA 2α q put M :" π ω pA 2α q 2 , the von Neumann algebra generated by the GNS representation π ω .
We
In the second alternative, the choice not to consider the adjoint of the chosen characters is only a matter of convenience, see Section 6. Such a choice of the characters w kl may depend on the selected alternative.
Notice also that for the tracial cases and even for the commutative case of CpT 2 q, these alternatives collapse to only one due to the tracial property of the underlying "measure". In the cases we are managing in the present section, one possible choice is reported as follows.
For T 2 " f as in (2.7), put f k pm, nq :" δ m,0 δ n,k , g l pm, nq :" { ph T 2 q l pmqδ n,0 , and define tu kl | k, l P Zu Ă π ω pA 2α q, where
We can embed such elements in H ω " À Z L 2 pT, dmq by defining e kl :" u kl ξ ω , obtaining
It is easily seen that
pT, mq forms an orthonormal system which is indeed a basis.
For ω P SpA 2α q, we denote with an abuse of notation, again with ω its vector state extension to all of M " π ω pA 2α q 2 :
ωpaq :" ω ξω paq " xaξ ω , ξ ω y, a P π ω pA 2α q 2 .
In addition, to make uniform the notation we write
pMq of the form L a , we define the sequence p xpk, lq of the Fourier coefficients as (4.2) p xpk, lq :" ωpuk l aq, k, l P Z.
2) extends by continuity to all L 1 0 pMq, providing a sequence p x P ℓ 8 pZ 2 q. We have the following noncommutative version of the RiemannLebesgue Lemma.
Proof. By the definition of the Fourier coefficients, if x P L 1 0 pMq we see that the double sequence p x is uniformly bounded with }p x} 8 ď }x}. Suppose now that p x " 0. This means that xpyq " 0 on the set made of elements y such that y˚is of the form y˚" ÿ |r|,|s|ďn a rs u rs , which generate a norm-dense subset of π ω pA 2α q, and a˚-weakly dense subset of π ω pA 2α q 2 " M. Since L 1 0 pMq " M˚, by continuity we conclude that xpyq " 0 for all y P M. Then x " 0.
It remains to check that lim |k|,|l|Ñ`8 p xpk, lq " 0.
In fact, for the total set tL urs | r, s P Zu, by (4.1), y L urs pk, lq " δ k,r δ l,s Ñ 0, as |k|, |l| Ñ`8.
For generic x P L 1 0 pMq and ε ą 0, we choose a finite linear combinations of the u rs of the form
such that }x´x ε } ă ε. Then |p xpk, lq| ď |p xpk, lq´p x ε pk, lq|`| p x ε pk, lq|
because p x ε pk, lq Ñ 0 as |k|, |l| Ñ`8 as noticed before. The proof follows as ε ą 0 is arbitrary. For such a purpose, it is enough to consider the sequence of Dirichlet kernels tD n | n P Nu Ă L 1 pT, mq, and the associated functionals tX n | n P Nu Ă L 1 pMq given by X n`πω pW pf qq˘:"
Denoting by x D n the usual Fourier transforms of the D n with an abuse of the notation, the Fourier coefficients and the L 1 -norms of the X n are given by x X n pk, lq " x D n plqδ k,0 and }X n } L 1 " }D n } 1 , respectively. Reasoning as in [22] , we have } x X n } 8 " 1 for each n P N, but conversely }X n } L 1 Ñ`8. This leads to a contradiction if we suppose that { L 1 0 pMq " c 0 pZ 2 q.
pMq is given by x ξ p¨q " x¨ξ, ξ ω y, and therefore its Fourier transform is given for k, l P Z, by (4.4) p x ξ pk, lq " x ξ puk l q " xuk l ξ, ξ ω y " xξ, u kl ξ ω y " xξ, e kl y.
Namely, the Fourier coefficients of x ξ are precisely those arising from the orthogonal expansion of ξ w.r.t. the orthonormal basis te kl | k, l P Zu of H ω . Therefore,
that is the Fourier transform provides a unitary isomorphism when restricted to L 2 0 pMq as expected. For the Fourier transform of elements in L 2 0 pMq, we simply write (4.6) p ξpk, lq :" p x ξ pk, lq " xξ, e kl y, ξ P H ω , k, l P Z.
We now pass to consider the extension of the Fourier transform to L p , p P p1, 2q. Indeed, by (4.3) which holds true for generic element in L 1 0 pMq (cf. Theorem 4.2), and (4.5), we can define the Fourier transform for p P r1, 2s and q its conjugate exponent (i.e. 1{p`1{q " 1 with the convention 1{0 " 8) by complex interpolation (cf. [15] ), 
where we have denoted by α P Z 2 a generic element of Z 2 . This provides a bounded linear map
with norm }F } ď }f } Mnpℓ 1 pZ 2. In order to check its boundedness, we proceed as follows. For elements tξpiq, ηpiqu n i"1 Ă H ω , fix any orthonormal basis te r u 1ďrď2n of any 2n-dimensional space K Ă H ω containing the vectors ξpiq, ηpiq, i " 1, . . . , n. Take a P Mbℓ 8 pZ 2 q. With a rs pαq :" xa α e r , e s y, the matrix`a rs pαq˘α PZ 2 , 1ďr,sď2n defines an elementã P M 2n pℓ 8 pZ 2with norm less than that of a. As usual, we also denote with f paq the 2n 2ˆ2 n 2 matrix with entries given by f paq pirq,pjsq :" ÿ αPZ 2 f ij pαqpa rs pαqq, r, s P N, i, j " 1, . . . , n.
The elements tξpiq, ηpiqu n i"1 Ă H ω with components ξ r piq :" xξpiq, e r y, η r piq :" xηpiq, e r y w.r.t. the previous orthonormal basis, define vectors ξ,η P C n b C 2n " C 2n 2 with components ξ ir :" ξ r piq,η ir :" η r piq, 1 ď r ď n, i " 1, . . . , n.
We computěˇˇˇn ÿ i,j"1 
, and the assertion follows. Fix now f P M n pℓ 1 pZ 2 qq, which can be supposed to have finite support, such that }f } Mnpℓ 1 pZ 2ď 1. After noticing that tu α u αPZ 2 gives rise to an element u P Mbℓ 8 pZ 2 q with unit norm, we consider a generic element L x P M m pM˚q for x P M m pMq and compute
Thus, by reasoning as in the proof of Proposition 3.1, we have
By taking the supremum on the r.h.s. for f in the unit ball of M n pℓ 1 pZ 2and on n, we obtain the assertion by noticing that elements of the type L x as above provide a set dense in norm of M n pM˚q.
For the case p " 2, pick ξ P M n pH ω q and consider the matrices xξ, ξy, x p ξ, p ξy P M n 2 whose entries are given by xξ, ξy pi,kq,pj,lq :" xξ ij , ξ kl y, x p ξ, p ξy pi,kq,pj,lq :" x x ξ ij , x ξ kl y.
After denoting by P v the orthogonal projection onto the one dimensional subspace spanned by the vector v P H ω , by (4.4) we compute
because the e mn provide a basis for H ω , and thus`ř m,nPZ P e mn˘Ò I Hω in the strong operator topology. Consequently, }x p ξ, p ξy} M n 2 " }xξ, ξy} M n 2 and therefore }F} pcbq 2,2 " 1 by [9] , Proposition 1.
Remark 4.5. When p " 2, we have proved that F 2,2 is indeed a complete isometry between the canonical operator space structures of L 2 0 pMq and ℓ 2 pZ 2 q, both coinciding with the Pisier OH-structure (cf. [19] ), see [9] , Theorem 5.
Summarising, we have the noncommutative version of the HausdorffYoung Theorem in our setting. Theorem 4.6. Let p P r1, 2s with q P r2,`8s its conjugate exponent. The Fourier transform restricts to a complete contraction
which is indeed a complete isometry for p " 2.
Proof. By Proposition 4.4, the assertion follows as C θ " C θ (equal norms, Theorem 1.5 in [15] ), and Theorem 2 in [9] ) provide exact interpolation functors, see e.g. Notice that the last theorem can be viewed as a noncommutative version of the Riesz-Thorin Theorem.
The computation explained above allows to consider the noncommutative version of the Hausdorff-Young Theorem for the Fourier antitransform defined as follows. In fact, fix any element f P ℓ 1 pZ 2 q and define q f P M given by
The definition for the Fourier anti-transform for p " 2 proceeds as follows. For each f P ℓ 1 pZ 2 q we consider the maps, the latter being the left embedding of M in H ω :
Concerning the L p -spaces, p P r2,`8s, the Fourier anti-transform is then associated to the left embedding of M inside M˚.
Denoting by T such a Fourier anti-transform, we have Proof. For the case p " 1, we proceed as in Proposition 4.4. Firstly we note that, if
and therefore the Fourier anti-transform is well defined as a bounded map between ℓ 1 pZ 2 q and L 8 pMq. To check complete boundedness, fix f P M n pℓ 1 pZ 2and g P M m pM˚q with }g} MmpM˚q ď 1, With F as before, after recalling that }F } ď }f }, we compute
Therefore, }gp q fq} Mnm ď }f } Mnpℓ 1 pZ 2that is T 1,8 is completely bounded. For p " 2, with f P ℓ 2 pZ 2 q we compute
f ik pm, nqf jl pr, sqxe mn , e rs y " ÿ m,n;r,sPZ f ik pm, nqf jl pr, sqδ m,r δ n,s " xf ik , f jl y.
Therefore, T 2,2 is a complete isometry concerning the left embedding.
Theorem 4.8. Let p P r1, 2s with q P r2,`8s its conjugate exponent. The Fourier anti-transform extends to a complete contraction
pMq, which is indeed a complete isometry for p " 2.
Proof. The proof follows analogously to that of Theorem 4.6, by taking into account Proposition 4.7.
the noncommutative version of the Fejer theorem
In our context, we provide a noncommutative version of the Fejer Theorem based on the Cesaro mean of the Fourier coefficients. By using a suitable version of the so-called "transference method", we reduce the matter to the classical convolution with the Fejer kernel on T 2 as for the classical (e.g. [18] ) and the tracial (cf. [6] ) cases. We also get the same result for the Abel mean of the Fourier coefficients by reducing the matter to the convolution with the Poisson kernel, and argue that our analysis can be used to manage all cases listed in Section 3 of [6] and many others. All such cases will provide inversion formulas for the Fourier transform in L p -spaces, p " r1, 2s, arising from non type II 1 representations (and also for type II 1 ones when the modular operator is not trivial including the cases treated in [8] ) of the noncommutative 2-torus.
We start by noticing that the usual transference method, used in [6] for the tracial case, cannot be directly applied to the situations under consideration. This is because the 2-parameter group of˚-automorphisms of A 2α determined by A 2α Q pU, V q Þ Ñ pzU, wV q P A 2α , z, w P T, does not leave invariant the reference state ω. Yet, we can get the expected result, even for the situation studied in the present paper.
Consider the action of Z on L 8 pT, mq generated by the powers of the˚-automorphism β given by
The˚-isomorphism
is realised as follows (cf. [10] , Section 6). Let π o : L 8 pT, mq Ñ π ω pA 2α q 2 be the injective˚-homomorphism given by
where M h is the multiplication operator for the function h. In addition, for the shift pλHq n :" H n´1 , n P Z, we have
Therefore, π ω pA 2α q 2 is generated by the π o pHq and the powers of λ:
see e.g. [25] , Section X.1, or [4] , Section 2.7.1.
For w " pw 1 , w 2 q P T 2 , we consider the following maps ρ w defined on such generators of M by
where for w P T, R w denotes, with an abuse of notation, the map R w pzq :" wz, z P T.
Proposition 5.1. The maps (5.1) extend to˚-automorphisms of π ω pA 2α q 2 . In addition, they uniquely define contractions
It is easily seen that ρ 2,w define automorphisms of M. By Theorem X.1.7 in [25] , ρ 1,w also define automorphisms of M.
The pre-transpose map
We note that it is possible to verify by direct inspection that the ρ p2,0q w are isometric isomorphisms. Indeed, if x P À Z L 2 pT, mq, for w " pw 1 , w 2 q P T 2 we get
The following results are crucial in the sequel.
w pxqpk, lq " w´l 1 w´k 2 p xpk, lq, k, l P Z.
Proof. If p ą 1, one has (and it can be taken as the definition of the Fourier transform for p ą 2)
pxq. Thus, we can restrict the analysis to p " 1.
For such a purpose, for each x P L 1 0 pMq and ε ą 0, we take x ε P M such that }x´i 8,1 px ε q} ă ε. As ε is arbitrary anďˇw´l
w pi 8,1 px ε qqpk, lqˇˇ, the assertion will follow if we prove it for the generators of L 1 pMq " Mo f the form L a " i 8,1 paq. We first note that
w`La˘p k, lq "L a`ρw pu kl q˚˘" xaξ ω , ρ w pu kl qξ ω y "w´l 1 w´k 2 xaξ ω , u kl ξ ω y " w´l 1 w´k 2 x L a pk, lq.
as w Ñ 1 " p1, 1q P T 2 . Thus, the result holds true for p " 2. For 1 ď p ă 2 and ε ą 0, let now x P L p 0 pMq. As i 2,p pL 2 q is dense in each such L p -spaces, we pick x ε P L 2 0 pMq such that }x´i 2,p px ε q} p ă ε.
Again by Proposition 5.1, we also have
We then compute by the Holder inequality,
As ε ą 0 is arbitrary, by the previous part › › ρ pp,0q
Here, there is the noncommutative version of the Fejer theorem in our context. It will provide an inversion formula for the Fourier transform for 1 ď p ď 2.
xpk, lqi 8,p pu kl q " x.
Proof. We first prove that, for each fixed x P L p 0 pMq and N " 1, 2, . . . ,
where Φ N is the Fejer kernel. By a standard 3ε-argument, it is enough to check the identity for the total set (in L 
xpk, lqi 8,p pu kl q`j 8,q pur s q˘.
The proof now follows by Proposition 5.3 as the Fejer kernel Φ N pzq is an approximate identity (e.g. [18] ) on T.
We report the following generalisation corresponding to the Abel mean associated to the Poisson kernel, whose proof is completely analogous to the previous one. The details relative to the remaining cases in [6] are left to the reader. 
where P r , 0 ď r ă 1 is the Poisson kernel, which is again an approximate identity on T. The assertion follows again by Proposition 5.3.
an alternative definition of the fourier transform
Even if it is still unclear how to construct a one-parameter group of Fourier transforms, one for each embedding in (3.1) of M in its predual M˚, we are able to provide an alternative definition of the Fourier transform, which is essentially associated to the right embedding M Q a Ñ j 8,1 paq " R a P M˚, in the following way.
Definition 6.1. For x P M˚" L 1 1 pMq of the form R a , we define the sequence u xpk, lq of the Fourier coefficients as (6.1) u xpk, lq :" ωpau kl q, k, l P Z.
It is immediate to check that, for a P M we get
This simply means that, for general f P M˚" L 1 0 pMq " L 1 1 pMq and k, l P Z, we get p f pk, lq " f puk l q ‰ f pu kl q " u f pk, lq.
For p " 2, suppose for simplicity that
which is meaningful for all ξ P H ω . By putting ǫ kl :" J ω e kl , k, l P Z, we note that the ǫ kl still provide an orthonormal basis for H ω as the conjugation J ω is an anti-unitary involution. For the Fourier transform (6.2) of a generic vector ξ P H ω , we put u ξpk, lq :" xξ, ǫ kl y, k, l P Z.
The corresponding Fourier anti-transform
pMq, that is the analogous of (4.7), is defined as
By taking into account
J ω as before, for the Fourier anti-transform
Therefore, the Fourier anti-transform˘is also a (complete) unitary equivalence at level of Hilbert spaces as expected. From the last consideration, compared with the analogous one (4.4), we can recognise why p and u are associated to the left and right embedding of M in M˚, respectively.
As noticed before, it is still unclear how we can interpolate between both definitions to obtain a one-parameter of Fourier transforms associated to the other embeddings ι θ 8,1 : M ãÑ M˚, θ P p0, 1q. Also for this case of the Fourier transform u and the corresponding anti-transform˘, the Riemann-Lebesgue Lemma (cf. Theorem 4.2), the Hausdorff-Young inequality (cf. Theorem 4.6), and finally Theorem 4.8 hold true. We leave the details of the proofs to the reader.
The corresponding results analogous to Theorem 5.4 and Theorem 5.5 hold true as well. For this situation, we report the crucial details of the proof.
Proof. Then the assertions follow analogously to those of the corresponding results in the previous section.
We compare the definitions of the Fourier transforms in the present paper with the original ones concerning the situation associated to the canonical trace, and for the commutative situation CpT 2 q corresponding to the case when the deformation angle α is zero.
Suppose that A P A 2α . By taking into account our definitions of the Fourier transform and that in (2.5), for x :" L πτ pAq " R πτ pAq P π τ pA 2a q 2 we get p xpk, lq "e 2πıαkl τ`W p´l,´kqA˘,
where the Weyl operators W pm, nq are defined in (2.3). The classical case corresponds to α " 0, that is A 0 " CpT 2 q, and the underlying measure corresponds to the Haar one mˆm "
In this situation, each element in L 1 pMq uniquely corresponds to a (equivalence class of) function f in L 1 pT 2 , mˆmq:
Therefore, we get
where p f and q f denote the classical Fourier transform and anti-transform of f P L 1 pT 2 , mˆmq. We end the present section by noticing the following fact arising by algebraic similarities. Even if there is no reasonable motivation to consider A 2α as a group-like quantum object with Z 2 as its "dual object", we can consider the map (6.3) as a Fourier transform from ℓ 1 pZ 2 q to M, whose corresponding anti-transform M˚Ñ ℓ 8 pZ 2 q is given by (6.1). This alternative way to see the emerging situation does not cause any trouble.
deformed dirac operators and modular spectral triples
The present section is devoted to defining a one-parameter family of modular spectral triples for each η P r0, 1s, extending the ones defined in Section 9 of [10] . As an application of the previous analysis, we show how the Fourier transforms defined here, allow us to "diagonalise" the corresponding Dirac operators D pηq , η " t0, 1{2, 1u. For a fixed diffeomorphism f of the unit circle T with growth sequence Γ n pf q as in Section 2.4, we start with an undeformed Dirac operator by putting
with a 0 " 0 and a n :" signpnq
Here, signpnq :"
I˘is precisely the operator appearing in Definition 2.1 of the modular spectral triple. To simplify notation, we drop the subscript "L" in the foregoing analysis.
Consider the Sobolev-Hilbert space
where ACpTq denotes the set of all absolutely continuous complex valued functions on the unit circle.
For η P r0, 1s and δ n as in (2.9), we can define deformed Dirac Operators as
As explained in [10] , each D pηq n is invertible with bounded inverse, after defining for n " 0, We have shown in [10] that if f is one of the diffeomorphisms constructed in [16] for α a UL number, then the D pηq have compact resolvent. The same happens if α is Diophantine and f is any diffeomorphism of the unit circle with ρpf q " 2α.
In order to construct the associated modular spectral triples, we have to define the corresponding deformed commutators. For t :" pt 1 , t 2 q P R 2 , we define Σ t pAq :"ˆσ To simplify the analysis, we first suppose that A P M 8 , the set of the entire elements of M, under the action of the modular group. For such operators and for η P r0, 1s, we define zpηq :"´ıp1´η, ηq and put 
0˙.
Notice that D pηq pAq can be meaningful even if A is not an analytic element. In the sequel, we assume (7.1) as the definition of the deformed derivation for each η P r0, 1s. Now we show that the deformed derivation in (7.1) provides sufficiently many bounded operators. Proof. We sketch the proof, and refer the reader to Section 9 and 11 of [10] for further details. We first note that it is enough to check the assertion for the generators of A o 2α , and in particular for the one step shift λ and its inverse λ´1. By considering the adjoints and all η P r0, 1s, it is enough to check the boundedness for the following case, obtaining › ›`∆ η´1 ω rL, λs∆´η ω g˘n › › ď |a n´1´an |Γ |n| pf q 1´η Γ |n´1| pf q η }g}.
By taking into account that |a n´1´an | " 1{Γ |n| pf q and Γ l pf q{Γ l˘1 pf q ď Γ 1 pf q, the assertion follows.
Notice that, in [10] it is shown that D pηq pπ ω paqq uniquely defines a bounded operator for elements a in a dense˚-subalgebra of A 2α , and thus we can define (nontrivial) modular spectral triples associated to the twisted Dirac operator D pηq . Indeed, the modular spectral triple satisfying (i)-(iv) in Definition 2.1 is given by`ω µ , A o 2α , L˘η, provided Γ n pf q " opln nq, which happens if f is a diffeomorphism constructed according to Proposition 3.1 of [10] for a UL-number α, or if α is Diophantine. For the latter case, the representation π ωµ always generates the type II 1 hyperfinite factor R, whereas for the former the type is determined by the ratio set r`R 2α , rµs˘(or equivalently by r`f , rms˘) if it is not of type II 1 . We also note that the D pηq define˚-maps on their natural (common) domain: Secondly, after some computations we get uk l ξ ω˘n pzq " f n pzq´lδ n,´k , n P Z, z P T.
We consider the elementary changes of variables w :" f´kpzq, k P Z. Collecting together, we obtain the assertion.
